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MO/IEJIMPOBAHUE JJUCKPETHO MPEJACTABJEHHOI KPUBOM
HA OCHOBE NPOCTPAHCTBEHHBIX YTJIOBLIX IAPAMETPOB

Menumononvckas wKoaa NPUKIAOHOU 2eoMempul,
I Taspuueckuii 2ocyoapcmeennbviii azpomexnono2uyeckutl ynusepcumem, Yxkpauna
2 Menumononvckutl 20cyoapcmeentvitl nedao2udeckutl YHueepcumen
umenu boeoana Xmenvnuykoeo, Ykpauna

B pabome npeonoscena cxema czyuwieHus moueyHo20 paoa, no3e0aA10ULAA
¢opmupoeamev na ocnoee NPOCMPAHCMEEHHBIX Y2108bIX NAPAMEMPOE OUCKPEHIHO
NPeOCmMasieHHyl)  Kpugylo  6mopo2o nopaoka 2iaokocmu. B npouecce
MOOENUPOBAHUA UCHONB3YIOMCA OUCKPEHIHble AHAI02U pPAduyca KPUGU3HbL U
kpyuenus. Ilpeonoicennan cxema npeononazaem onpeoejienue odaracmu, 6Hympu
KOMOpOIl pacnolazaromcs ece Kpugvle JTUHUU, OMeeuarouue ycio8uam 3a0adu.

IHocranoBka mpoOJemsbl. [IpocTpaHCTBEHHBIE  OJHOMEpPHBIE  OOBOJIBI
HCIIOJB3YIOTCA B KAue€CTBE DJIEMEHTOB OINPENENTUTENsT AUCKPETHO MpPEACTaBICHHOU
MOBEPXHOCTU. [IpOoCTpaHCTBEHHBIMU SIBJISIIOTCSI OCEBBIE JIMHUU TOBEPXHOCTEH,
TPAHCIIOPTUPYIOIIUX CPEY, JUHUU CTHIKOBKHM OTCEKOB COCTABHBIX IMOBEPXHOCTEH,
TPaeKTOPUU OOTEKAHUS IOBEPXHOCTHU CPEIOM.

[Ipy  MopenupoBaHWUM  TOBEPXHOCTEM €  MOBBIIIEHHBIMH  a’po- U
TUAPOJMHAMUYECKUMHU  CBOMCTBAMM  HEOOXOJIMMO  OOECIEeUYUTh  KOHTPOJb
HaIlpaBJICHUs] X0Jla KPUBOM, TMHAMUKY MU3MEHEHUSI KPUBU3HBI U KPYUCHHUSI, HATHUHE
WIM OTCYTCTBHE OCOOBIX TOYEK, BTOPOW TOPSAOK TIagkocTh oOBoda [4].
[ToBbIIIeHHBIC JTUHAMHUYECKHE KavyecTBa HEO0OXOIUMBI MTOBEPXHOCTSIM,
OTPaHUYMBAIOIIMM KOPIYCHBIE W3JEIUs aBua-, aBTOMOOWJE-, CyIOCTPOCHHSI,
Jomatku TypOMH ¥ CMecuTesel, KaHallbl JBUTaTeliell BHYTPEHHETO CropaHus,
TpyOOTPOBOIBI, paboUre OpraHbl CETHCKOXO035HCTBEHHBIX MAIIIVH.

Jnst 5PdeKTUBHOrO MOJETUPOBAHUSI TMOBEPXHOCTEW C MOBBIIICHHBIMU
TUHAMUYECKUMH CBONCTBAMH HEOOXOIUMBI METOAbI, 00ECIEYMBAIOIIUE 3a/IaHHYIO
TOYHOCTh W THOKOCTh (POPMHPOBAHUSI T€OMETPUUYECKUX XapaKTEPUCTUK OOBOIOB,
JOMYCKAIOINE JOKAJbHOCTh PEIICHUS U €ro KOPPEKTUPOBKHU, O0ECTIEYMBAIOIIUE
OTCYTCTBUE OCHWIISAUMHU. V3BEeCTHbIE METOJbI HENPEPhIBHOIO U JAUCKPETHOTO
F€OMETPUYECKOT0 MOJCIMPOBAHUSI HE OTBEYAIOT, B TIOJHOM Mepe, yKa3aHHBIM
TpeboBaHUsSIM. X BO3MOXKHOCTU MO 00ECIEYEHUIO HEOOXOIUMON 3aKOHOMEPHOCTH
U3MEHEHUsI XapaKTEePUCTUK BIOJb O00BOJAa YacTO HE JOCTaTOYHBI  WJIU
MPUHITUTTHAIIBHO HEBO3MOIKHBI.

3agaya MOXET peliaTbcsi Ha OCHOBE METOJOB BapHAaTUBHOIO JTUCKPETHOTO
reomerpudeckoro mojenuposanus (BJII'™™M). OcHoBHBIM cBOMCTBOM MeT010B BJ/IT'M
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SIBJISIETCS BBIOODP PEIIeHUs] BHYTPU HEKOTOPOTO JIMarna3oHa BO3MOXKHBIX, M0 YCIOBUSIM
3ajaun, 3HaueHuW. Hanmumuwme guanazoHa pemeHud Aa€T BO3MOXKHOCTH JIOKAJIbHOTO
MOJCIMUPOBAHUS M JIOKAJIBHOM KOPPEKIMU PENIeHUs], TMO3BOJIIET YYECTh, TaKUM
o0pazom, JOMOTHUTEIbHBIE (0COObIE) YCIOBUS 3a/1aui, a OTPAHUYEHHOCTh JUara3oHa
peleHri MO3BOJSIET KOHTPOJIUPOBATh OTCYTCTBHE OCHWIISIHMM M OOECIeuYrBaTh
HEOOXOJIMMBIE  TpeOOBaHUS  TJIATKOCTH O00BOJa MW €ro  XapaKTePUCTHK.
BrraucnurensHOW OCOOEHHOCTHIO METOJIOB SIBJISIETCS MHOTOKPATHOE TOBTOPEHHUE
pacuy€THBIX aNrOPUTMOB (ITOCJEA0BATEILHOE CTYIICHUE), IPUBOAIIEE K 3aMeHe, C
3QJITaHHOM  CTEMEeHbI0  TOYHOCTH,  HCXOAHOTO  TIeoMEeTpUYecKoro  obpasa
CONPOBOK/IAIONIEH JIoMaHOW JuHUeW. B kauyecTBe u3BecTHBIX AudepeHmaIbLHO-
reOMETPUUECKUX XapaKTEPUCTUK UCITOIB3YIOTCS UX JUCKPETHBIEC aHailoru [3].

AHAJU3 NOCJeAHUX HCCAeI0BaHUA W myOaukanuil. 3 meromo HI'M
OTMETHM METOJIbI, O00ECTICYMBAIOIINE BTOPOM MOPSAOK TJIAJKOCTH 00BOja. ITO
MOJIeTUpOBaHrEe 00BOJia Ha OCHOBe B-crumaitHa [5] m MoaenupoBaHue 00BOja
dbopMupoBaHMEM €ro MPOEKIMA Ha KOOpPAMHATHBIX IockocTsx [2]. O6a
HampaBJICHUS  TPEIANOJaraloT  AHAIMUTUYECKOE  TPEACTABICHHUE  Y4YacTKOB,
COCTABJISIONIMX OOBOJI. XapaKTEPUCTUKU KPUBOW KOHTPOJHMPYIOTCS B HMCXOJHBIX
TOYKaX — TOYKAX CTBHIKOBKM Y4YacTKOB. Bo3MOXXHOCTH BIusATH Ha (QopMy u
XapaKTepUCTHUKM  00BOJIa  BHYTPHM  yYacCTKOB  OTPAaHUYMBACTCA  BBIOOPOM
ONPEACIAIONIUX UX KPUBBIX U XapaKTEPUCTUKAMH B Y3JIOBBIX TOUKAX.

N3 wu3BectHBIx HamparieHuid JII'M HaumbOosee IHMPOKHUE BO3MOXKHOCTH
KOPPEKTUPOBKH  TOJIy4aeMOTO  pEIICHUsS JaeT BapuUaTUBHOE  JIUCKPETHOE
reoMeTpUYEeCcCKOe MOJCIUPOBAHME, TIperoaratiiee GopmMupoBanue 00BoOIa B BUJIE
CKOJb yTOJHO OOJIBIIOIO0 KOJHMYECTBA TOYEK, IIOIyY4aeMbIX B pe3yJIbTaTe
MOCJIeIOBATEIBHBIX CTYIIEHUH HMCXOAHOTO ToueuyHoro psaa [3]. JlanHas craThs
MpOJOKAET pa3paboTKy MeTOoJa BapUaTUBHOTO MOJIETUPOBAHUSI Ha OCHOBE
MPOCTPAHCTBEHHBIX YTIOBBIX MapaMeTPOB TIAIKOW TUCKPETHO MPEICTaBICHHON
kpusoii (JII1K), nauatyto B crathe [1].

Anroput™m, mpemioxkeHHsld B [1], mpemnonaraetr ¢opmuposanue JIIK
MIEPBOTO MOPSIKA TJIAAKOCTH TIO0 YYacTKaM C MOCTOSHHBIM HaIlpaBJICHUEM KPy4eHUSI.
B WCXOIHBIX TOYKAaX ONPEHEISAIOTCS IWaNa30Hbl BO3MOKHOTO PACTIOJIOKEHUSA
AJIEMEHTOB OCHOBHBIX TPEXTPAHHUKOB, M HA3HAYAETCS MX KOHKPETHOE IOJIOKEHHUE.
OcHOBHBIC TPEXTPAHHUKHU OIPEIEIAIOT 00JIACTh BO3MOYKHOTO PACIIOJIOKEHHUS TOUEK
CTYHIIEHUS. JTO TeTpadAp, TpaHU KOTOPOrO OIPEACNSIIOT CONPUKACAIOIINECS

(CIl;,CIl;, ;) w xacaremsubie (KII!,KII; ;) mnnockoctn, HasHauYeHHBIE B

UCXOJIHBIX TOoUKax (puc. 1).

CIIi ti
KII ’i\\ / M

Puc. 1. Terpasip pacnonokeHust TOYKUA CTYIIEHUS
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[TonoxxeHne OCHOBHBIX TPEXTPAHHUKOB, Ha3HAYA€MbIX B TOYKAX CrYIICHUS,
SBJISIETCS TIapaMeTpoM ympaBieHus (OpMON KpHUBOM, HapaBHE C IMOJOXKEHUEM
TPEXTPAHHUKOB, HA3HAYEHHBIX B HCXOAHBIX TOYKaX. AJITOPUTM TO3BOJISET
OTpeeNsITh 00JIaCTh BOBMOYKHOTO PACIIONIOXKEHHUSI TOUEK CTYIIEHUS U 00eCcrieunBacT,
B pamMKax »JToM oOmactu, JOOyH0 CTeNeHb JIOKaJIbHOCTH KOPPEKTUPOBKU
noisyyaeMoro peumieHus. IIpy 3ToM rapaHTHpyeTcss NEPBBIA TOPSAOK TJIAJIKOCTH
o0BOJla M OTCYTCTBHE OCIHWUIAIMHA. JlOCTH)KEHHWE BTOPOTrO TOPSANKA TIJIAIKOCTH
00BO/IOB, (opMupyeMbIX Ha OcHOBe anroputMma [l1] obecneuwT MOBBIICHHUE
JUHAMHYECKUX Ka4eCTB MOAEIUPYEMBIX TOBEPXHOCTEM.

Meroasl JII'M, oGecrnieunBaromiue BTOPOW MOPSAJIOK TIAJKOCTH OJHOMEPHBIX
MIPOCTPAHCTBEHHBIX 00BOJOB, HAM HEWU3BECTHBI.

@®opmyaupoBKa mesdeil W 3aJda4 crarbu. Pa3paborarh cXxemy CryuieHHs
JIIK, oGecneunBaroilyto BTOpPOW MOPSAOK TJAIKOCTH 00BoJa (HOPMUPYEMOTO IO
aNTrOpUTMY, IPEMIOKEHHOMY B [1].

OcnoBHast 4actb. [lpoctpanctBennas J[IIK dopmupyercs crymenuem
HUCXOJHOTO TOYEYHOTro psna. [eoMerpuueckue  XapakKTEpUCTHKU  KPHUBOH,
IPEICTAaBICHHOM JHUCKPETHO, OJHO3HAYHO HE ompeaeneHsl. B mpoiecce
MOJCIUPOBAHUs, 3HAYEHUS KpUBU3HBI U KpydeHuss B Toukax JII[IK Oyxem
KOHTPOJIMPOBAaTh C TMOMOLIBIO WX JUCKPETHBIX aHAJIOrOoB. 3HA4Y€HUE paauyca

KPUBH3HBI B [-0if Touke (R;) OyzaeM olleHHBaTh PaJlyCOM KacaTelbHON OKPYKHOCTH

(KO;), ompenensemoii TOYKOW I, KacaTeNbHOH mpsMOHl B [-off Touke (Z;) W
N o i—1 i+1
Ommxkaiimeit Touxoit AIIK. B mepBom npubmmxenuu 3to R; ° u R;" — panuycsl

KO;_I u KOZ-H] , IPOXOJIAIINX Yepe3 TOUKu I — 1 u i+ I cooTBeTcTBEHHO (pHC. 2).

i—1

Vi

I+/

Puc. 2. Onpenenenne AMCKPETHBIX aHAJIOIOB KpUBU3HBI U kpydeHust 11K

[Tocne crymeHuss TOUEUHOTO psiia PACCTOSHUSA OT TOUKH [ JI0 OnMKanImmx
TOYEK yMeHbIaTcs. g JOCTHXKEHUs BTOPOTO TOpSAKAa TIATKOCTH 00BOAa

Heo0X0anMo, 4ToOBI paguychl mpeabymell 1 nocnenytomeir KO; crpemMunuchk K

OZIHOMY 3Ha4eHHIo —R; .
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3HaueHne KpydyeHHs B [-0H Touke (O;) OyleM OIleHWBATh OTHOLIEHUEM
JBYTPAHHOTO YTJIa MEXIY KacaTeIbHBIMH TJIOCKOCTSIMH, OTIPEIeTIiEMbIMU TOYKOH 1,
ommkaiiedt Toukor JITK n kacaTenbHBIMU IPSMBIMU B 3TUX TOYKAaX, K JJIMHE JIyTH
cootBercTBytomeit KO, . B nepBom npubamkeHuu 31o:

i—1 i+1
ol = l//’_ u ot = "[/f—, riae (cM. puc. 2)
l i—1 1 i+1
li li
i—] . .

l//; — BEIWYUHA yIjia MEXIY IUIOCKOCTSMH, ONpeaeaseMbMu [ — 1 Ly wai, t;
i+1 tomitl,
W,; = — BEIMYMHA YIJa MEXAY IJIOCKOCTAMH, ONPEACHIEMBIMH I, [; U I Lot

l;_] — nnuna nyru (i-1,i) K ;_1;

l;” — uiHa ayru (1,i+1) KOilﬂ.
JInst qocTHKEHUs BTOPOro MOPsiAKa TIaJKOCTH 00BOJIa HEOOXOAUMO, YTOOBI

ce
BCIIMUYUHBI O;

;°, onpexnenseMeple OMMKAWIIMMU K TOYKE [ mpeapIaymiei wu

o . .f
NOCICAYIOIICH TOYKaMM CI'YIICHUA ('ZCZ n ZC‘Z) 1 IMOJOKECHUEM KAaCaTCIIbHbIX B HUX,
CTPEMUJIUCE K OTHOMY 3HAUYCHUIO — O-i .

Brinonnenne ycnosuii (GopMupoBaHUS 3HayeHMH R; M O; OIrpaHMYUBAET
00J1acTh BO3MOXXHOTO PACTIONIOKEHUS TOYKH CTYIIEHUSI W JUANa30Hbl BO3MOXKHBIX
3HAYEHHI COOTBETCTBYIOIIMX €i xapaktepuctuk [I1K.

IIpu dopmupoBanuu [IIK mnepBoro mopsiaka riagkoctu [1] nuamazon

pacCIoIOKEHUsT TOYKU [., Ha ydacTke I...1-+/ omnpemensercs B pe3yiabraTe

ce

) ce ce
Ha3HAYCHMS [IOJIOKEHHs KacaTesbHbIX tiockocteit K11, u K11 ; (puc. 3).

A \ ti ti

Puc. 3. Onpenenenune auana3zoHa pacnoyOKEHUS TOUKU CTYIIEHUS

OTU IUIOCKOCTH, OmpejenseMble KacaTeldbHbIMH f;, f;,; M TOUKOH I,

paciojararorcd BHYTPU ABYT'PAHHBIX YIUVIOB, OTPAHUYCHHLIX COIIPUKACAOINUMHUC H

kacarenpupivu iockoctsimu — CIT; w KIT!, CII;,; n 'KII, ; (cm. puc. 1).

HasHauenwe TOYKM ., Ha OTpe3Ke [TZ,TZ 4 ]], NPUHAIICKAIIEM — IIPSIMOM

ce ce o
nepeceuenust KI1;“ n KII;;; obecnieunBaet nepsblii nopsnok raaakoctu JTTK.
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Buyrpu orpeska [Tl ;T 1] OIpeAenseTcss YTOYHEHHBIN aUana3oH [A,’B].

o ce i+1 ce i
Ionoxenue touek 4 n B onpenensiercst u3 yenosuit: R;° =R, u Ri7; =R, ;.

OnpeneneHne TOUKH ., BHYTPH [A,’B ] oOecrieynBaeT BO3pacTaHue WM yObIBaHUE

pagnyCoOB KacaTeIbHbBIX OKPYKHOCTEN HA yYaCTKeE.
KacarenpHas npsmas B TOYKE CrylleHHs (f,.,) Ha3Ha4aeTCs TaKUM 00pasom,

4TOOBI MTOJOXKEHUE ONPENEIAEMbIX €10 U TOYKaMHt I, I + ] KacaTelbHBIX MIOCKOCTEN

ce
oOecrneynBajo HAa3HAYCHHYIO OWHAMHUKY HW3MCHCHUA O

ce
; u 0. Ilocne

OIIpCACIICHMA t IIOJIOXXEHHUE OCHOBHOI'O TpéXI‘paHHI/IKa B TOYKE CrymiCHHA

ce?
omnpezensiercs: coryiacHo [1].

[Tpu mocneayromem ¢opmupoBannn JIIK Touka I., paccMarpuBaeTcs Kak

ce
UCXOJHAasl, a HAa3HAYEHHbIE B HEH XapaKTEPUCTUKHU SBISIIOTCS TapaMeTpaMu,
ONpEeaENISIONUMU 00JIaCTh PACTIONOKEHUS TOYEK MOCIIETYIOUIUX CTYIIEHUN.

B pesynbrarte mocienoBaTeNbHBIX CIYIIEHHH pacCTOSHUE MEXIY CMEXKHBIMHU
toukamu JII[IK crtpemurcs xk OeckoHeuHO Mayoi BenuuuHe. Ilpu 3TOM ycioBus

dopmupoBanust R; u 0; obecrneynBalor:

- TIOJOKEHHE KacaTEJIbHBIX IIJIOCKOCTEHU HpI/I6JII/I}Ka€TC$I K TITOJOXCHHIO
COIMPUKACATOTINXCA HHOCKOCTeﬁ;

- 3HAQUCHMS YIVIOB J/; MEXIY KacaTelbHBIMHU IUIOCKOCTSIMH HPHONIDKACTCS K
3HAUEHHUIO YIJIOB KPY4YeHUS;
- pammycel mnpensiaymed ('R;) wu nocmemyromeit (R;) KkacarenbHbIX

) !
OKPYXXHOCTEH CTPEMSTCS K 3HAYCHHIO pajnyca KpuBmsHsl: 'R; ® R; = R;;

ce f . . r . of [
- BEJIMYMHBI O , COOTBETCTBYIOIUME YYACTKy I.,...I ('O;) ¥ 1...l., (O;)
4
CTPEMSITCS K 3HAUCHHIO KPYUCHUS: ' O; R O; R O .

3HaueHUs] KpWBH3HBI M KpPydYeHUs B [-OH TOuYke OyJaeM CUYHTaTh
'R:—R| w Ao; =0, —0]
MPEBBIIAIOT 33/IAHHOM MOTPEITHOCTH UX OMPEICIICHUS.

BouiBoabl. IlpennoxkeHHass cxema CrylmieHUs JUCKPETHO MPEACTaBICHHON
kpupoit (1K) mo3BomnsieT hopMupoBaTh B €€ y3iax 3HAYEHUS pajuyca KPUBU3HBI U
KpydeHus. Pamuyc kpuBu3HBI (OpPMUPYETCS Kak MpeelbHOE 3HAUCHHE pajauyca
KacaTeJIbHON OKPY>KHOCTH, ONIPEICIISIEMON KacaTeIbHON MPSIMOM B pacCMaTpUBAEMOU
TOYKE W OJIMDKAWIIeW TOYKOW CrylieHus. 3HaueHHe KpydeHus (GopMupyercs Kak
OTHOIIEHWE  BEJIMYMHBI  yIjla  MEXJIy  KacaTeJIbHbIMU  IUIOCKOCTSIMH B
paccmarpuBaeMor Touke W Omwkadmen Ttouke JIIK x jgnuHe  ayru
COOTBETCTBYIOLIEN KAaCATEIbHON OKPYKHOCTH.

ITepcnekTUBBI JaJbHEHIINX UCCJIeT0BAHUM. /[OCTHIKEHHE MOCTAaBICHHON B
CTaThe 1IeM — OOECIeUeHUEe BTOPOTO TOPsAKAa TIJIAJKOCTH OOBOJA, SIBISETCS
OuepelHbIM JTaroM B paszpaboTke Metona wmoxaenupoBaHus JIIK Ha ocHoBe
MPOCTPAHCTBEHHBIX VYIJIOBBIX MMApaMEeTpPOB. 3ajayeld MaJbHEUIIUX MCCIEIOBAHUN
SIBJISIETCS OOECreYeHne 3aKOHOMEPHOTO W3MEHEHMs] KPUBU3HBI M KPYUYEHHUs BOJIb

chopMUpOBaHHBIMHU, Korna BenuduHel AR; = HE
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KPUBOM.

Pemienrie moOCTaBIIEHHBIX 3a7ad IO3BOJIUT MOJEIUPOBaTh, HAa OCHOBE
pa3pabaTbiBa€MOTO METO/a, JIUHAMUYECKHE TIOBEPXHOCTH CIIOXKHON  (POpPMBI,
oOecrieunBaOIIME 3a/IaHHBIE  XapPAaKTEPUCTUKH TOTOKOB, BO3ZHUKAIOIIUX TMPH
B3aMMOJICHCTBUH TOBEPXHOCTU CO CPEIOM.
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MOJIEJIOBAHHS JMCKPETHO ITPEJCTABJIEHOI KPUBOI HA
OCHOBI ITPOCTOPOBUX KYTOBUX ITAPAMETPIB
€.A. I'aspunenko, A.B. Haiiouw, FO.B. Xonoousak, B.O. Ilaxapenko

MOJEJMPOBAHUE JUCKPETHO ITPEJICTABJEHHON KPUBOM
HA OCHOBE IPOCTPAHCTBEHHBIX YI'JIOBBIX TAPAMETPOB

VY po0oTi 3ampomoHOBaHA cXema 3TYIICHHS TOYKOBOTO PSIy, SKa JIO3BOJISE
(dbopMyBaTH Ha OCHOBI IIPOCTOPOBHUX KYTOBHUX ITApaMETPiB JUCKPETHO MPEACTABICHY
KPUBY JIPYroro TMOPSAKY TIAAKOCTI. Y TPOIeCci MOJETIOBaHHS BHKOPHUCTOBYIOTHCS
JTUCKPETHI aHAJIOTH pajilyca KpUBHHU Ta CKPYyTY. 3alporiOHOBaHa cxema rnependayae
BH3HAUCHHsI 00J1acTi, BCEpPEaWHI SIKOi PO3TAIIOBYIOTHCS BCI KPHUBI JIHII, IO
BI/IMOBIAIOTh YMOBAM 3a/1a4i.

MODELING OF DISCRETELY PRESENTED CURVE BASED ON SPATIAL
ANGULAR PARAMETERS
Eugene Gavrilenko, Andrey Naydysh, Yuliya Kholodnyak, Valeriy Paharenko

The scheme of thickening of the set of points which allows to forming a
discretely presented curve with the second order of smoothness on the basis of the
spatial angular parameters is proposed in this article. The discrete analogs of radius of
curvature and torsion are used for modeling. The proposed scheme involves the
determination of the area within which all the curves that correspond to the given
conditions are located.
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